ABSTRACT. We obtain a Bonnet-Myers theorem under a spectral condition: a closed Riemannian (M n , g) manifold for which the lowest eigenvalue of the Ricci tensor ρ is such that the Schrödinger operator (n − 2)∆ + ρ is positive has finite fundamental group. Further, as a continuation of our earlier results, we obtain isoperimetric inequalities from Kato-type conditions on the Ricci curvature.
1. INTRODUCTION 1.1. Several classical results in differential geometry state geometric, spectral or topological estimates for a closed Riemannian manifold assuming pointwise curvature constraints. Prominent examples of such results depending on some lower bound on the Ricci curvature are the theorems of Bonnet-Myers, Bochner, estimates of isoperimetric constants, and eigenvalue estimates for the LaplaceBeltrami operator, as well as bounds on the Betti numbers. An intriguing question is whether the assumption of a sharp lower Ricci curvature bound can be relaxed to variable curvature bounds instead. Of course, one can ask why this should be interesting at all: the Ricci tensor as a continuous function on a compact set is bounded below anyway. The answer lies in the quantitative nature of our question: if we disturb the curvature assumptions of the classical theorems by a small portion of "bad" curvature, how do the classical estimates change? Within this context, the treatment of families of manifolds are of importance: One can ask for uniform properties of all of the members of the family. Indeed, one could make assumptions on the infimum of the Ricci curvatures of all the members and derive estimates, but they will be not stable under small changes and much weaker than perturbation statements. Results in this direction have been obtained by K-D. Elworthy and S. Rosenberg, [15] . From the pioneering work of S. Gallot, there have been a lot of results based on integral pinching conditions for the Ricci curvature ( [18, 17, 2, 25, 26, 28, 27, 14, 29, 35, 38, 3, 4] ). Recently, we have obtained heat kernel and eigenvalue estimates assuming only a Kato condition on the negative part of Ricci curvature [31, 11] . It has been shown that this type of condition is somewhat weaker that the integral pinching assumption made by S. Gallot.
Let's us introduce several notations and conventions:
In all that follows (M n , g) is always a closed Riemannian manifold of dimension n ∈ N, i.e., compact and without boundary, and vol, respectively A, denote the n-, respectively (n − 1)-dimensional Hausdorff measure on M . Denote by Ric the Ricci tensor of M considered pointwise as an symmetric endomorphism of T * M . We let ρ : M → R, x → min{σ(Ric x )}, where σ(A) denotes the spectrum of an operator A. We have
or Ric x ≥ ρ(x)g x in the sense of quadratic forms on the tangent space at x ∈ M . If x is a real number, its negative part will be denoted by x − = max{0, −x}, for instance:
As usual, we denote by ∆ ≥ 0 the non-negative Laplace-Beltrami operator acting on functions defined on M . This operator has purely discrete spectrum σ(∆) = {λ i | i ∈ N 0 }, where 0 = λ 0 < λ 1 ≤ λ 2 ≤ . . . .
Our first result is based on an a spectral assumption for a Schrödinger operator:
Theorem A. Let (M n , g) be a closed Riemannian manifold of dimension n ≥ 3.
i) For any ǫ ∈ 0, 3 n+4 , there is an explicit constant C(n, ǫ) > 0 satisfying lim ǫ→0+ C(n, , ǫ) = 1, such that if the Schrödinger operator ( The spectral assumption made in the above theorem are classically implied by a Kato condition on the Ricci curvature. Let P t = e −t∆ {t≥0} be the heat semigroup and H(t, x, y) the heat kernel, that is, for f ∈ L 1 (M ) and t > 0, one has
1) This result is a weak generalization of the Bonnet-Myers theorem that states that if a complete Riemannian manifold
For a measurable V : M → [0, ∞] and T > 0, the Kato constant of V is given by
(Note that the semigroup maps L ∞ (M ) to itself, such that the truncation procedure ensures that the quantity is well-defined.) where a ∧ b denotes the minimum of the numbers a, b. We say here that a measurable V ≥ 0 satisfies the Kato condition if there is a T > 0 such that
The Kato condition is very powerful in proving, e.g., semiboundedness of the operator ∆ − V , and mapping properties of the corresponding semigroups. E.g., if the heat semigroup is ultracontractive, the perturbed semigroup will be, too. 
It is not hard to prove that c L and κ T are related by the formula [20] (
meaning that the behavior of κ T (V ) for T → 0 controls the behavior of c L (V ) for L → ∞ and vice versa.
(1) The Kato class was introduced in [21] and further investigated in [1, 34] , originally for the Laplacian in R n . There, a function V is in the Kato class if c T (V ) → 0 as T → ∞. Actually, the condition was phrased in terms of truncated heat kernels, see [37] . 
In particular, the bottom of the spectrum of the Schrödinger operator ∆−V is bounded from below by −µ.
) is a closed Riemannian manifold of dimension n ≥ 3 such that for some λ > 0 and T > 0 one has
then the fundamental group of M is finite.
One can also obtain a Lichnerowicz-type estimate for the first non-zero eigenvalue. One of our results is the following:
Then, the first eigenvalue λ 1 (M ) satisfies
In [11] , it has been asked wether a control of the Ricci curvature in some Kato class yields some isoperimetric inequality. The second main result of this paper provided such a result using an idea of M. Ledoux ([22] ). The first result is a reverse Cheeger inequality in the spirit of P. Buser ([9] ). Recall that the Cheeger constant of (M n , g) is defined by:
where the infimum is taken over all Ω ⊂ M having smooth boundary ∂Ω and vol(Ω) ≤ vol(M )/2. J. Cheeger ([12] ) has shown that one always has
and P. Buser proved that if the Ricci curvarture satisfies
then one has
There is a explicit constant c n such that
Using the eigenvalue estimates from [11] , the estimate above yields lower bounds for the Cheeger constants under Kato-type assumptions on the negative part of the Ricci curvature. Note that assuming a lower bound Ric x ≥ −(n − 1)k 2 on the Ricci curvature yields κ T (ρ − ) ≤ T (n − 1)k 2 , hence our result is a slight generalization of Buser's one. Furthermore, we obtain isoperimetric inequalities. Recall that for p ∈ [1, ∞), the p-isoperimetric constant of M is defined by
where the infimum is taken over all Ω ⊂ M having smooth boundary ∂Ω and
Theorem E. Let (M n , g) be a closed Riemannian manifold of dimension n ≥ 2 and diameter at most D > 0. Assume that for some p > 1, there is an I > 0 such that
and let ξ = max
. Then we have
Our last result is that the assumptions made on the Kato constant of the Ricci curvature are implied under a control that depends on the volume of geodesic balls rather than the heat kernel.
Theorem F. There is a positive constant η n such that when (M n , g) is a closed Riemannian manifold of diameter D for which all x ∈ M satisfy:
and the first Betti number of M is smaller then n:
This paper is organized as follows. Sections 2.1 and 2.2 are devoted to present a Sobolev inequality under a spectral hypothesis on compact manifolds, which in turn implies a diameter estimate based on the ideas from [6, 23] . We then prove a Lichnerowicz-type estimate under slightly stronger assumptions in Section 2.3. In Section 2.4 we prove a Bonnet-Myers theorem that is based on a spectral assumption of a certain Schrödinger operator. Section 3 presents all the Cheeger, Buser, and isoperimetric estimates, whereas in Section 4 we show how to bound the Kato constant under purely geometric assumptions.
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A SOBOLEV INEQUALITY AND DIAMETER ESTIMATE UNDER SPECTRAL HYPOTHESES
2.1. Sobolev inequality. The following is an elaboration from a result of D. Bakry [6] and revisited by I. Mondello [23] .
) be a closed Riemannian manifold such that for some δ ∈ n+1 n+4 , 1 , the operator
where all norms are taken with respect to the probability measure dµ = dvolg volg(M ) .
Proof. We procced as in [6] . For p ∈ 2, 2n n−2 and ǫ > 0 there is a positive function f such that f L p = 1 and that realizes the best constant in the inequality
The Euler-Lagrange equation for the above problem implies that f solves the equation
For α ∈ R, we define u by f = u α and the computation of Bakry leads to
With A the traceless part of the Hessian of u:
and the Bochner formula, we get
To estimate the last term of (1), we integrate by parts and get
This implies
where
Chosing λ such that
we get
where F (α) is the quadratic expression
This quantity is non positive if and only if
Hence in that case, one can choose α such that F (α) ≥ 0 and we get
It is then easy to conclude. 
, we have
then the metric k 2 g satisfies the hypothesis of the Proposition 2.1 and hence the original metric g satisfies the Sobolev type inequality
, and hence the diameter estimate
ii) If the bottom of the spectrum of the Schrödinger operator (1 − δ)∆ + ρ is strictly positive for some δ > 0 with 1 − δ < 4 n+3 , i.e., there is some µ > 0 with One can give a Kato-type condition that implies the condition (3): Assume that
and hence
If moreover β < (1−δ)λ, we get that the bottom of the spectrum of the Schrödinger operator (1 − δ)∆ + ρ is bounded from below by − β 1−δ + λ. This implies the following corollary:
Then, the diameter of M can be bounded by
Lichnerowicz eigenvalue estimate.
It is easy to show that with the same arguments used in the beginning of the proof of the Proposition 2.1, we get an eigenvalue estimate:
) be a closed manifold of dimension n ≥ 2, such that for some δ ∈ (0, 1] and k > 0 the Schrödinger operator (1 − δ)∆ + ρ − (n − 1)k 2 is non negative. Then, we have
We have found another method for proving a better estimate.
Proposition 2.6. Let (M n , g) be a closed manifold of dimension n ≥ 2, such that for some k > 0 the Schrödinger operator
Proof. By scaling, one can assume that k = 1. Let λ > 0 be the first non-zero eigenvalue of the Laplacian with eigenfunction ϕ, i.e., ∆ϕ = λϕ.
For α > 0, we define
The manifold K := (0, ∞) × M , is equipped with the cone metric k = dr 2 + r 2 g, such that the Laplacian ∆ h on K has the representation
Hence, we choose α > 0 so that
then h will be a harmonic function on (K, k). Note that α ≥ 1 is equivalent to λ ≥ n. The Bochner formula on K and the refined Kato inequality yield (see for instance [8, Lemma 3.4] )
where d k denotes the differential and ρ K is the lowest eigenvalue of the Ricci tensor on K. Now, the norm on the cotangent bundle of d k h is
such that the second factor is independent of r. For
we have
where V (x) is the lowest eigenvalue of the Ricci curvature at (1, x) in (K, k). A short calculation shows that V (x) = ρ(x) − (n − 1). Hence, one gets
If we let
then the above inequality (4) implies that the bottom of the spectrum of the operator ∆ + n−1 n V is smaller than c(α). From our assumption, one gets c(α) ≥ 0, that is to say α ≥ 1.
Corollary 2.7. Let (M n , g) be a closed manifold of dimension n ≥ 3 such that for some k, λ > 0 with λ > (n − 1)k 2 :
The Lichnerowicz-type estimate above also yields an analogue result for integral curvature bounds by estimating the norm of the heat semigroup as it was done in, e.g., [33, 31, 18, 17] . Proof. The main argument in the proof is in fact a modification of one part of the proof of the theorem in [11] . We are going to show that the universal cover π : M → M has finite volume, hence the fundamental group is finite. We first remark that if the bottom of the spectrum of the Schrödinger operator (n − 2)∆ + ρ is positive, then by continuity there is some positive ǫ < 1/(n − 2), such that the bottom of the spectrum of the Schrödinger operator ǫ∆+ρ is positive: there is a positive constant µ such that
Let ϕ : M → R be a positive eigenfunction of the Schrödinger operator ǫ∆ + ρ associated to the bottom of the spectrum. We have ǫ∆ϕ + ρϕ = λϕ with λ ≥ µ. Hence on M , one has for ϕ = ϕ • π: 
With the Bochner formula and the Kato inequality, we get that the spectrum of the Hodge-deRham Laplacian on one-forms is positive:
Because one always has spec ∆ ⊂ {0} ∪ spec ∆ 1 , one deduces that the spectrum of the Laplacian ∆ on functions has a spectral gap:
Hence either 0 is an eigenvalue for the Laplacian on M and this means that the volume ofM is finite 2 or the bottom of the spectrum of the Laplacian is positive. It is classical that the first case implies that π 1 (M ) is finite. We are going to show that the second case can not occur.
We are arguing by contradiction and we suppose that λ 0 ( M ) > 0. M being a covering of a compact Riemannian manifold, it satisfies the local Sobolev inequality :
2 Indeed, if f is an eigenfunction of the Laplace operator associated to the eigenvalue 0, then ∆f = 0 and df ∈ L 2 hence by definition of the domain of the Laplace operator, one can integrate by parts and getsˆ
Hence f is constant.
Using the spectral gap, we get the Euclidean Sobolev inequality:
In particular, ( M ,g) is non-parabolic and there is a unique positive minimal Green kernel G(x, y). Let o ∈ M be a fixed point and define b : M → R + by
where c n is chosen so that b(x) ≃ d(o, x) as x → o. The Sobolev inequality implies that there is a positive constant c such that
In particular, lim x→∞ b(x) = +∞. According to T.H. Colding ( [13] ), for any α ≥ (n − 2)/(n − 1), we have ∆ |db| α b n−2 + αρ |db| α b n−2 ≤ 0 weakly on M \ {o}. Our hypothesis implies that for any α ∈ [0, 1/ǫ], the Schrödinger operator ∆ + αρ has a spectral gap, hence it has a unique minimal positive Green kernel G α . We let
Then the spectral gap
and the proof of the above estimate (5) implies that
Note that with the local Sobolev inequality, the classical De Giorgi-Nash-Moser iteration scheme (see [19, theorem 8.17] ( M ,g) being a covering of a compact Riemannian manifold, the Ricci curvature is bounded from below: Riccig ≥ −(n − 1)k 2 so that −ρ ≤ (n − 1)k 2 . Hence we get the following elliptic estimate: for any α and p ≥ 1 there is a constant C such that if a non negative function ϕ ∈ W 
The Schrödinger operator ǫ∆ + ρ is positive hence for any α ∈ [0, n − 2], we have the following Hardy type inequality: ∀ψ ∈ C ∞ 0 ( M ):
When α ∈ [α 0 , n − 2], using the function ψ = ξ |db| α b n−2 where ξ is a Lipschitz function with compact support in M \ {o} one gets
Assume that for some α ∈ [α 0 , n − 2], we have
Then we get and lim
In particular, we getˆ
hence,
For
n−2 n−1 , our argumentation yields that for all k ∈ N:
Hence letting k → ∞, we obtain the following estimate on the log derivative of the Green kernel:
And in particular
We are going to show that this implies that λ 0 ( M ) = 0, hence a contradiction. The Green formula implies that if t is a regular value of b, then
Let Ω R := {b ≤ R} and ϕ R = (R − b) + . We have that ϕ R has support in Ω R and
We have shown that
BUSER INEQUALITY AND ISOPERIMETRIC ESTIMATES
We are going to use an idea from M. Ledoux [22] in order to obtain isoperimetric inequalities.
3.1. Buser inequality. To apply Ledoux's technique, we recall the gradient estimates for positive solutions of the heat equation from [32, 11] :
) be a closed Riemannian manifold of dimension n ≥ 2 such that for some T > 0 :
positive solution of the heat equation
then, we have
From Proposition 3.1, we can deduce Corollary 3.2. Under the assumptions of Proposition 3.1, there is an explicit constant c n depending only on the dimension, such that for any t ∈ (0, T ]:
and
Proof. Let f ∈ L 1 (M ) be a non negative initial value for the heat equation with u = P t f . Note that
By Stokes theorem, we have´∆u = 0. Furthermore, we know P t 1 = 1 and P t f =´f . Hence,
We easily get
By duality and self-adjointness of the operator ∆P t we obtain the first assertion. Let f ∈ L ∞ (M ) be a non negative initial value for the heat equation and let u = P t f . We have
and, therefore,
The above proposition implies the following crucial estimate.
Proposition 3.3. Under the assumptions of Proposition 3.1, there is a constant
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c n , such that for any t ∈ (0, T ], we have
Proof. We have
For any g ∈ L ∞ , the above yieldŝ
Hence, we get
with c n = 6 √ n.
Now, we can obtain the following estimate relating the Cheeger constant and the first non-zero eigenvalue of the Laplacian on M . 
There is a explicit constant c n such that if λ 1 is the first non-zero eigenvalue of the Laplacian on M satisfies
Proof. We apply the above inequality to the characteristic function χ Ω of Ω. From the fact that P t (χ Ω ) ≤ 1 we get
we haveˆM
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We can decompose χ Ω =
vol Ω vol M + f where´M f dvol = 0 and get
This yields
and we get for any t ∈ [0, T ] that
If T λ 1 ≥ 1, then we choose t = 1/λ 1 and get
In the case where T λ 1 ≤ 1, we choose t = T and from the inequality 2(1−e −x ) ≥ x for x ∈ (0, 1), we get
It is now easy to get the announced result. 
Proof. As a matter of fact, with the eigenvalue estimate given in [11, Theorem3.6] , we know that c
Hence either
Isoperimetric inequalities.
From the results above, we can now obtain isoperimetric inequalities.
Theorem 3.6. Let (M n , g) be a closed Riemannian manifold of dimension n ≥ 2 and diameter at most D > 0. Assume one of the following:
, ii) or that for some p > 1, we have for some
In the first case let ξ := ξ(M, g) = D/ √ T and ν = ne , and ν = n.
Then we have
Proof. From [11, Proposition 3.7 and 3.14], we get for any t ∈ 0, D 2 :
Let Ω ⊂ M with smooth boundary and vol Ω ≤ 
AN ESTIMATE OF THE KATO CONSTANT
Let (M n , g) be a complete Riemannian manifold. We assume that it satisfies the following volume doubling condition and heat kernel estimates at scale R: there are positive constants θ, ν, C such that
.
Recall that if q : M → R + , is locally integrable then its parabolic Kato constant at times T is given by
We know that if κ T (q) ≤ 1 − e −βT for some β > 0, then
and in particular the Schrödinger operator ∆ − q is bounded from below by −β:
There is a constant λ depending only on θ, ν and C such that if
B(x,r) q dr.
Proof. We introduce the convenient notations :
V (x, r) = vol B(x, r) and Q(x, r) =ˆB
Notice that r → Q(x, r) is a non-decreasing function so that we can consider the Riemann-Stieljes measure dQ(x, r). Using the estimate on the heat kernel we havê
The condition (8) implies that we can integrate by parts:
5tV (x, √ t) Q(x, r)dtdr.
We are going to split this integral in 3 parts corresponding to the domains {r ≥ R} { √ t ≤ r ≤ R} and {r ≤ √ t ≤ R}. Concerning the first part, when r ≥ R, we get
Using ξ = r 2 /(5t), we obtain
Now there is a constant c(ν) such that when A ≥ 1/5:
and we getˆR
V (x, R) .
According to [11, Lemma 3.10] , the local doubling condition implies that for r ≥ R:
Hence we get that for some constant λ 1 depending only on θ, ν, C:
Q(x, r)dr.
For the second part, we easily get by the same argumentation:
For the remaining part, we have to estimate: There is a constant c (depending only on C) such that if R ≤ D then Proof. In [11] , it has been shown that if κ R 2 (ρ -) ≤ 1 16n then (M n , g) satisfies the condition (D R ) and (UE R ) with constants that depend only on n: (ν = e 2 n). .
Hence there is a constant λ n depending only on n such that
B(x,r) ρ -dr.
Hence if R is the greatest real number such that κ R 2 (ρ -) ≤ 1 16n then we get κ R 2 (ρ -) = B(x,r)
From the above we can obtain many results from [11] and [32] , we prefer to refrain from stating all of them and concentrate on few of them: The first result follows now easily from the Theorem 4.3. The second result follows from Corollary 4.2 and Theorem 3.6. Indeed, we have
2(p−1) .
